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Abstract 

Sufficient and necessary conditions are presented for the order-preservation of stochas- 
tic functional differential equations on M. d with non-Lipschitzian coefficients driven by 
the Brownian motion and Poisson processes. The sufficiency of the conditions extends 
and improves some known comparison theorems derived recently for one-dimesional 
equations and multidimensional equations without delay, and the necessity is new even 
in these special situations. 

AMS subject Classification: 60J75, 47G20, 60G52. 

Keywords: Order-preservation, comparison theorem, stochastic functional differential equa- 
tion. 



1 Introduction 

The order-preservation of stochastic processes is crucial since it enables one to control com- 
plicated processes by using simpler ones. For a large class of diffusion-jump type Markov 
processes on M. d , the order-preservation property has been well described in the distribution 
sense (see [U [15] and references therein), see also [H] for a study of super processes. To de- 
rive the pathwise order-preservation, one establishes the comparison theorem for stochastic 
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differential equations (SDEs), which goes back to [T2l[T6] . The study of comparison theorem 
for one-dimensional SDEs is now very complete, see e.g. [3j |5j El [7J [H [91 [TOj [18] and refer- 
ences within. Equations considered in these references include forward or backward SDEs 
with jump and with delay. The aim of this note is to provide a sharp criterion on the com- 
parison theorem for multidimensional stochastic functional stochastic differential equations 
(SFDEs), which is yet unknown in the literature. 

Throughout the paper, we fix a constant r > and a natural number d > 1. Let 

^ = {£ = (£\ • • ■ , Z d ) ■ [~r , 0] K d is cadlag} . 

Recall that a path is called cadlag, if it is right-continuous having finite left limits. For any 
£ G we have 

i=1 s6[-ro,0] 

Then under the uniform norm || ■ ||oo the space ^ is complete but not separable. To make 
c )o a Polish space, we take the Skorohod metric rather than the uniform metric. 

For any cadlag / : [— r , oo) ->■ M d and t > 0, we let / t G ^ be such that f t (9) = f(9 + 1) 
for G [-r , 0], and define / t _ G c <f for t > such that f t _(0) = f((t + 9)-) := \im^ t+e f(s) 
for 9 G [-7o,0]. We call (/ t ) t > the segment of (/(t)) t >_ ro . 

Now, let 5(t) be an m-dimensional Brownain motion, and let N(ds, dz) be a Poisson 
counting process with characteristic measure v on a measurable space with respect 

to a complete filtered probability space j^, {^t}t>o, P)- We assume that £> and iV are 
independent. We will consider the order-preservation of SFDEs driven by -B and N. To char- 
acterize the non-Lipshitz regularity of coefficients in the SDDEs, we introduce the following 
class of control functions: 



|m£ C 1 ((0, oo); [1, oo)) : / — -- = oo, lim su(s) 2 = 0, 
I Jo su(s) 40 

and s i — y su(s) is increasing and concave j. 



Typical elements in this class are u(s) = 1 and u(s) = log(l + s l ) 



Consider the following SFDEs on 



id. 



fi.r 



where 



Ux(t) = b(t,X t )dt + a(t,X t )dB(t) + f E -y(t,X t -,z)N(dt,dz)., 
\dX(t) = b(t,X t )dt + a(t,X t )dB(t) + f E *f(t,X t _,z)N(dt,dz)., 



b, b : [0, oo) x <jf x Q -> R d , a, a : [0, oo) x <g x Vt 
7, 7 : [0, oo) x <if x £ x Vt -> M d 



are progressively measurable. 
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For any s > and -measurable random variables £, £ on a solution to ( II. ip for 
t > s with (X S ,X S ) = (£,£) is a cadlag adapted process (X(t), X(t)) t > s such that P-a.s. for 
all t > s 

X(t)=£(0)+ [ b{r,X r )dr + [ a(r, X r )dB(r) + f ~f{r, X r , z)N{dr,dz), 

Js Js J[s,t]xE 

X(t)=£(0)+ [ b(r,X r )dr+ [ a(r,X r )dB(r) + [ 7(7-, X r , z)N{dr, dz), 

Js Js J[s,t]xE 

where, according to the initial condition (X S ,X S ) = (£,£), X r and X r for r > s are well 
defined. 

To ensure the existence and uniqueness of solutions, we make use of the following as- 
sumptions: 

(Al) There exist some positive K G C([0, oo)) and uef such that P-a.s. 

|6(*,0 - Kt,v)\ + \b(t,0-b(t,r))\ + \\a(t,£) - a(t, V )\\ HS + \\a(t,£) - a{t,n)\\ HS 
+ / (\ 1 (t,^z)- 1 (t,r ] ,z)\ + \j(t,Z,z)-j{t,ri,z)\)v{dz) 

J E 

< K{t)\\i - v\\oou(U - 7/Hoo), £,77 G <*f,t > 0. 

(A2) For any T > there exists a constant C(T) > such that P-a.s. 

sup (\b(t,0)\ + |6(t,0)| + Ht,0)\\ HS + \\a(t,0)\\ H8 ) 

te[o,T] 

+ / (|7(*, 0,2)| + m,0,z)\)dtis(dz) <C(T). 

J[0,T]xE 

When u = 1, (Al) reduces to the usual Lipschitz condition. In general, (Al) allows the 
coefficients to be non-Lipschitzian. 

According to Theorem 13 . II below, for any s > and ^-measurable random variables £, £ 
on the equation ( II. ip has a unique solution for t > s with X s = £ and X s = £, and the 
solution is non-explosive. We denote the solution by {X(s, £; t), X(s, £; £)}t> s . 

To introduce the notion of order-preservation of the solutions, we take the usual partial- 
order on W 1 ; i.e. for x = (x 1 , • ■ ■ , x d ), y = (y l , ■ ■ ■ , y d ) G M. d , we write x < y if x % < y % 
holds for all 1 < % < d. Similarly, for £ = • • • , 77 = (77 1 , ■ ■ • , rj d ) G we write £ < 77 
if < 77 l (#) holds for all 9 G [— r ,0] and 1 < % < d. Moreover, for any £, 77 G let 

£ A 77 G ^ be such that (£ A 77)' = min{£ i , 77*}, 1 < z < d; and let £ V 77 = -{(-£) A (-77)}. 

Definition 1.1. The solutions of (II. ip are called order-preserving, if for any s > and 
^-measurable random variables £,£ on ^ with P-a.s. £ < £, P-a.s. X(s,£;t) < X(s, £;/j) 
holds for all t > s. 

Theorem 1.1. Assume (Al) and (A2). The solutions to (11. ip are order-preserving if the 
following conditions are satisfied: 
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(1) F-a.s. b[(t,£) < holds for all 1 < i < d,t > and f, £ e ^ u»& i < £ and 

e(o) = e(o). 

(2) P-a.s. o-v (*> = ^'(*> ^ oMs for all t > 0,1 < i < d,l < j < m and <E urato 

e(o) = e(o). 

(3) v x P-a.e. f(0) +_7*(i,£,-) < f(0) + f(t,£, •) holds for all all 1 < i < d,t > and 

Comparing with existing comparison theorems derived in the above mentioned references 
for one-dimensional equations, Theorem 11.11 has a rather broad range of applications. Next, 
a multidimensional comparison theorem without delay has been presented in [TBI Theorem 
296] where the condition 2° implies that b l (t, x) depends only on x l , and is thus much stronger 
than the condition (1) in Theorem 11.11 with ro = (i.e. the case without delay). Moreover, 
when ro = (i.e. without delay) Theorem 11.11 also covers the comparison theorem derived 
recently in [19] for v(E) < oo and Lipschtizian coefficients. 

On the other hand, our next result shows that the conditions in Theorem 11.11 are also 
necessary for the order-preservation when the coefficients are continuous and either v is finite 
or 7(i, £, •), -j(t, £, ■) are integrable with respect to v locally uniformly in (t, £), where and in 
the sequel the continuity on is with respect to the the Skorohod metric. This result is 
new even for the case without delay. 

Theorem 1.2. Assume (Al) , (A2) and that the solutions to (11. ip are order-preserving. 
(I) If F-a.s. b,be C([0,oo) x R d ) and for any n > 1 

(1.2) lim sup [ eA(\-y(t,Z,z)\ + \7(t,Z,z)\)v(dz) = 0, 

e +° te[o,ri\M\\°°<n J E 

then condition (1) holds. 
(II) If F-a.s. a,a G C([0,oo) x R d <g> M m ), then condition (2) holds. 
(Ill) If Fx p-a.e. 7,7 e C([0,oo) x c rf;R d ), then condition (3) holds. 

Note that condition fl 1.2ft holds if either v is finite or j(t, £, •), 7(t, £, •) are integrable with 
respect to v locally uniformly in (£,£). 

In the next section we present proofs of the above two theorems. In Section 3, we present 
a result on the existence and uniqueness of solutions to stochastic functional equations with 
jumps. 



2 Proofs of Theorems 1.1 and 1.2 



Proof of Theorem \l.l[ Assume that (l)-(3) hold. For any t > and -measurable ran- 
dom variables £, £ on c <o such that £ < £, we aim to prove that for any T > t , 



(2.1) 



E sup (X l (t ^;r) 

re{t ,T\ 



A J (t ,?;r)) + = 0, l<*<d. 
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For equations without delay, this can be done by using a Tanaka type formula for (X l {t) — 
X l (t)) + (see [13], 153]). Below, we shall make use an approximation argument which plays 
the same role as the Tanaka type formula. For simplicity, we will simply denote X(t) = 
X(t ,£;t) and X{t) = X(t ,f;t) for t > t - r . Recall that X(t ,£;t) = £(t - t ) and 
X(t ,£;t) = £(t-t ) ioTt e [*o-r ,t ]- 

For any n > 1 let ip n : R — > [0,oo) be constructed as follows: ip n { s ) = ^n{ s ) = f° r 
s G (— <x>, 0], and 

Unh, *e[0,£], 
= -4n 2 ( S -i), se[±±], 
^0, otherwise. 

We have 

(2.2) < if/ n < 1, and as n f oo : < ^ n (s) f s + , s^(s) < 21 (0)i) (s) | 0. 
Let 

r fc = inf{t > t : \X(t) - X(t) A X{t)\ > k}, k > 1. 
Since by (2) we have a = a and 

- x*(t )) = ^„(e*(o) - r (o)) = o, 

the Ito formula yields 

ij n (X l (tAT k )-X\tAT k )) 

/•'Art 

= M(t A r fc ) + / (6 l (s, X a ) - 6 4 (s, JQXpT ( S ) - X\s))ds 

(2.3) +oE / (^(*,^-^(«^.)) a <(^(«)-^(*))d« 

i=i ■ /t0 

+ / {^.(^(s-)-x l ( s -) + y( s ,x s _,z)-f( s ,x s „,^)) 

- V n (X<(s-) - X*(s-))}iV(ds, d*) 

for any fc, n > 1, 1 < % < c2 and £ > t 0) where 

m 

M(t) :=J2 / K J ( 5 ,X s )-^'( S ,X s ))^(^( S )-^( S ))d^( S ). 

Noting that < ip' n (X' l (s) — X l (s)) < l{x i (s)>x i (s)} an d when X l (s) > X l (s) one has 
(X s AX s ) ! (0) = (X s y{0), it follows from (1) that P-a.s. 

(b l ( Sl X s A X a ) - V(s, X s )W n {X\s) - X\s)) < 0, n>l,se [t , T]. 
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Combining this with (Al) and < ip' n < 1, we obtain P-a.s. 

@(8,X.) -V(8,X.)W n (X*(8) -X*(a)) 
, 2 4) = X.) - b\s, X s A X s )W n {X\s) - X\s)) 

+ {b\s,X s A X s ) - ¥(s,X s ))f n (X(s) - X(s)) 
< C(T)\\X S - X s A XsW^uiWXs - X s A XslU, n>l,se [t ,T] 

for some constant C(T) > 0. Next, by (Al), $T2$ and (2), we have P-a.s. 

m 

W ij (s,Xs) ~ ^(s,X.s)M(X(s) - X(s)) 



8=1 



(2 ' 5) < C(T)l {x4(5) _ jflW6(0i i )} |A: i ( a ) - X(s)\u(\x%s) - X(s)\) 2 

< C(T)e(n), n>l,se [t ,T] 

for some constant C(T) > 0, where since uef , 

e(n) := sup su(s) 2 I as n t oo. 

Moreover, (Al), (J22) and (2) also imply P-a.s. 

m 

y j (s,x s ) - *«( S ,x.M(x<( S ) - **oo) 

(2.6) J=1 

< C(T)(X f (s) - J^( S ))+u(pT( S ) -^( S ))+), n > l,s e [t ,T] 

for some constant C(T) > 0. Finally, by (3) we have 

(2.7) X i (s)AX l (s)+Y(s,X s AX s ,-)<X i (s)+f(s,X s ,-), x P-a.e. 
If X l (s) < then (TUD becomes 

X l (s) + f (s, X, A X, •) < X{s) + f(s, X s , •), v x P-a.e., 

so that < -0^ < 1 and tp n { s ) = f° r < imply 

^ n (X*(s) - X(s) + Y(s, X a , •) - f(s, X a , •)) - MX(s) - X(s)) 
= ^ n {X\s) - X(s) + Y(s, X s , •) - f(s, X s , ■)) 
= ^ n (Y(s,X s ,-)-Y( Sl X s AX s ,-) 

+ (X(s) + Y(s, X s A X s , •)) - (X(s) + f ( 5 , x a , •))) 

<i( 7 i (a sl ')-T < (a s Ai s ,-)) 

< |Y(s,X„-) - Y(s,X, AX S ,-)|, P-a.e. 
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Similarly, if X l (s) > X l (s) then f |2.Tj) becomes 

Y(s,X s AX s ,-) <f(s,X s ,-), 1/xP-a.e., 

so that < < 1 implies 

- X l (s) + ?(s, X s , •) - f(s, X s , ■)) - MxKs) - X%s)) 
= V„ (X\s) + X s , •) - X\s) - f(s, X s A X s , •) 
+ Y(s, X s A X„ •) - f(s, X s , •)) - MX*{s) - X l (s)) 

< ii n (X\s) - X\s) + Y(s, X s , ■) - 7 * (s, I S AI S , ■)) - ^M*) - 

< |7*(s,^,0 -f^^Al,,-)], i/xP-a.e. 

Combining these with (Al) we obtain 

E / U n {X\s-) - X\s-) + 1 \s,X s _,z) -f( 8 ,X.-,z)) 

J[t ,tAT k ]xE 

- Vn(^*(s-) - JT(s-))} JV(ds, dz) 

{Vn - X l (s) + ^(s, X SJ z) - f (s, X s , zj) 

-MX i (s)-X\s))}dsiy(dz) 
<2E/ ds \Y(s,X s ,z)-Y(s,X s AX s ,z)\u(dz) 

J to J E 



E 



(2.8) 



[t ,tAT k ]xE 



<C(T)E / ^Xs-XsAX^u^Xs-X^X^ds 

J to 

for some constant C(T) > and all n > 1, t G [to, T 1 ]. 
Let 

fc (s)= sup |X(r)-X(r) Al(r)|, s > t . 

r€[t -r ,sAT k ] 

By combining (I2.3p - (l2.8p with X to < X to and using the Burkholder-Davis-Gundy inequality, 
we obtain that for some constant C(T) > and all t G [to, T], 

d 

J2 E SU P MX*(r) - X'(r)) 

j =1 r6[t -r-o,tAT fc ] 

<C(T) f E{MsHMs))}ds + C(T)e(n), k,n>l. 

J t 

Letting n|oo using the Jensen inequality, we derive 

Ecf> k (t) < C(T) [ {E0 fc (s)}u(E0 fc (s))ds, t G [t ,T],k> 1. 



Since j^ds = oo, by the Bihari inequality this implies that (see e.g. the end of the proof 
of Theorem 4.2 in [11]) 

E(j) k (T) = 0, k > 1. 

Letting k f oo we prove (12. II) . □ 
To prove Theorem II .2| we need the following Lemma [2. II For any h e Cf(K d ), let 

d ^ d 

(Lh)(t,o = ^(t,omm) + 2 Z>o(*, ow£(o)) 

j=l ij=l 



{/»(e(0) + 7(*,e,«))-^(0))Wdz), 
1 d 

(i/0(*.o = E^(*> ow)) + 2 E(^)(*»o^i^(e(o)) 

i=l ij=l 

+ / {Me(o) + 7(^e^))-Me(o))}^), t>o,£etf, 



where <9j(l < i < d) is the derivative with respect to the i-th component in M d . By (Al) 
and (A2), Lh and Lh are locally bounded with respect to the usual metric on [0,oo) and 
the uniform norm on 

Let ^# be the class of all increasing functions on where a function h on ^ is called 
increasing if < /i(n) holds for all £ < 77. 

Lemma 2.1. Assume (Al) and (A2). If the solutions to fll.il) are order-preserving, then 
for any s > and ' ..-measurable random variables on ^ with £ < £ ; and any /i G 
^ n Cf (M d ) mft /i(£(0)) = M£(0)), ^ere no/ds P-a.s. 



e( liminf(L/i)(t,X t (s,0) ^0 < e( limsup(L/i)(t, X t (s, 0) 



whree X(s,£) and X(s,£) are the segment processes of X(s,£; •) and X(s;£, •) respectively. 
Proof. Simply denote X(t) = X(s, £; £),X(t) = £; t) for i > s - r . Let 

r = inf{t > 8 : \X(t)\ + \X(t)\ > 1 + ||£|U + Halloo}. 
Since h(£(0)) = h(£(0)) and X(t) < X(t) for all t > s, we have 
(2.9) E(h(X(tAT))\&.)-h(£(Q))<E(h(X(tAT))\& a )-h(£(Q)), t>s. 
By the Ito formula and the Fatou lemma, it is easy to see that 

liminf V V V > E( Hminf(L/i)(£,X t ) J? 

4« £ — s \ tis 

limsup V V V < E( hmswp{Lh)(t,X t ) 

tis t — S \ tls 



Combining this with (12. 9 j) we finish the proof. 

Below we only prove the first formula in (I2.10p . as the proof of the second is completely 
similar. By the Ito formula, for t G (s, s + 1] we have 

E(h(X(tAr))\& a )-h(m) _ KC T W^ X r)\^s) 
t — s t — s 

> E(l {T>t} inf (Lh)(r,X r ) & 8 ) - CP(r < t\& a ), 

\ r£(s,tAr] J 

where, due to (Al) and (A2), 

C:= sup {\Lh\ (r, V ) : re [s, s + 1], IMU < 1 + Halloo + U\\oo} < oo. 
n 

Since r > s due to the right-continuity of the solution, and since Lh is locally bounded, by 
letting t J, s we obtain the first formula in (I2.10p from the Fatou lemma. □ 

Proof of Theorem ! 1.2[ Let 1 < i < d and to > be fixed. For any £, £ G let X(t) = 
X(t ,£,;t),X(t)=X(t ,£;t). 

(a) Proof of (III). Let £ < f. (Al) and (A2) imply that 6, a and (|7(-, -,z)| + 
|7(-, •, z)|)i/(d,z) are locally bounded. We aim to prove 

(2.11) f(0) + y (t , f , ■) < f (0) + f (t , £ •), i/ X P-a.e. 

Due to the continuity of 7 and 7 in the first two variables and the separability of [0, 00) x ^ 
(recall that we use the Skorohod metric on e tf), this implies condition (3). 

Let r = inf{t > t : \\X t — £||oo + \\X t — £||oo > 1}- By the Ito formula and the local 
boundedness of the coefficients and the right-continuity of X(s), for any t > t we have 

E^{r(tAT)-r(tAr)} 

= E {(b^s, X s ) - b\s, X s )W n {X\s) - X\s)} 

III 

+ J2(° ij (s,Xs)-v ij (s,X s )f^(X\s)-X\s)) 
i=i 

+ ^ fy n (X\s) - X\s) + Y(s, X„ z) - f (s, X s , z)) - ^ n (JT(s) - X\s))} u(dz)}ds. 
Since X l (s) < X i (s),X i (t A r) < X\t A r) and <(s) = <(s) = for s < 0, this implies 
E / { / ifj n (X i {s)-X l {s) + 1 i (s,X s ,z)-f{s,X s ,z))u(dz)}ds = t > t . 



to 



By r > to, the right-continuity of the solutions, and the joint-continuity of 7* and 7* in the 
first two variables, from this and the Fatou lemma we conclude that 

E / MC^)-C(0)+ 1 i (t ,^,z)-f(t ,lz))u(dz)=0. 

J E 
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Since ip n (s) t s + as n t oo, by letting n | oo we arrive at 

E / (f(0)-e i (0)+7 i (*o,e^)-7 i (<o,e^)) + Kd 2 r) = 0, 

and hence (12.111) holds. 

(b) Proof of (I). Let £ < f and f (0) = f (0). For any £ G (0, 1), let <p £ G C °°(M) such 
that 

< 4> £ < 1, £ |[- £ , £ ] = 1, £ |[-2 £ ,2 £ ]<= = 0. 

Take 

he(x) = / <k(s)ds, x G M. d . 

Jo 

Then h £ G ^#fl C|(M d ) and by the continuity of 6, 6 and the right continuity of the solutions, 
\im(b(t,X t ),Vh e (X(t))) = V(t ,0, hm(b(t,X t ),Vh e (X(t))) =1%,$, 

t^to t\.to 

\imV 2 h £ (X(t)) = lim V 2 h £ {X(t)) = 0, 

\h £ (X(t) + 7 (t, X u £)) - h £ (X(t))\ + \h £ (X(t) + 7 (t, X t , z)) - MX(t))| 
< (4e)A(| 7 (t,X t ^)| + |7(t,X t ,z)|). 

Combining this with Lemma [2. 11 we obtain P-a.s. 

b i (t ,0<b i (t ,£)+ sup / {^AQ^r], z)\ + \^f{t,fj,z)\)}iy(dz). 

i6[t ,to+l],||»7l|o V||77|| <x ,<l+||e||cx ) V||e|| (XJ JE 

Letting e — » and using (11.21) we prove &*(£ ,0 < b l (t , £), P-a.s. This implies condition (1) 
by the continuity of b, b and the separability of [0, oo) x . 

(c) Proof (II). If condition (2) does not hold, then there exist G with £*(0) = £ l (0) 
such that for some 1 < j < m one has P(CT l3 °(to, £) ^ ^(tojO) > 0- Since a and a are 
continuous, there exists a constant e G (0, 1) such that P(^4 e ) > 0, where 

A £ := {\a^(t, rj) - av(t, fj)\>s for t G [t , *o + e], \\v ~ CIU + ||»7 - £|U < e}. 

Let 

f = infO > to : \<J ij (t,X t ) - a ij (t,X t )\ < e} 
r = M{t > t : \\X t - e|U + 11^ - eiloc > e}, 
r n = inf{t > t : |JC*(t) - X l (£)| > n' 1 }, n>l. 

Let <? n (s) = e ns — 1. Since X* < X*, and due to (a) 

X i (s)-X i (s) + 1 i (s,X s ,z)-f(s,X s ,z) <0, s>t , 
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by the Ito formula we obtain 

> Eg n ((X l - X l )((t + e) A f A r A r„)) 

»(t +e)Af AtAt„ 

{^((x i -x i )( s ))(& i ( s ,x s )-5 i ( s ,x s )) 



= E 

+ ggg(gh-jgg)) f>*( s ,X s ) - ^'( S ,X S )) 2 

+ J {g n (X\s) - X l (s) + f (s, X» z) - f (s, X„ z)) - g n (X\s) - X i (s))}^(d^)}d S 

> [— - CnejE{e A (f — t ) A (r — t ) A (r„ - t )}, n > 1, 
where, according to (Al) and (A2), 

C:= sup {\b i (t,r ) )-b%fj)\+ [ \f(t, V ,z)-f(t,fj,z)\u(dz): 

J E 

t e [t , to + e], \\r) - CHoo + ||?7 - f||oo < e} < oo. 

This implies E((f — to) A (r — t ) A (r n — to)) = for large n, which is impossible since 
f(A e ) > and due to the right-continuity of the solutions f A r n A r > t holds on the set 
A £ . □ 

3 Existence and uniqueness of solutions 

When N = and 6, a are deterministic, the following result is included in [Til Theorem 
4.2]. The appearance of N makes the solution discontinuous, so that the argument in the 
proof of [HJ Theorem 4.2] leading to the existence of weak solutions by proving the tightness 
of the approximating solutions is no longer valid. Moreover, since the coefficients are now 
random, the Yamada-Watanabe principle used there is invalid neither. Due to (Al) and 
(A2), the proof of the uniqueness and non-explosion is standard. To prove the existence, 
we approximate the original equation by those with Lipschitz coefficients, and construct a 
strong solution to the original equation by proving that the approximating solutions form a 
Cauchy sequence under the topology of locally uniform convergence. 

Theorem 3.1. Let b, a, 7 satisfy (Al) and (A2) with b = 0,a = and 7 = 0. Then for 
any s > and & ~ s -measurable random variable £ on c io , the equation 



dX(t) = b(t,X t )dt + a(t,X t )dB(t)+ I j(t,X t _,z)N(dt,dz), t>s,X s = £ 
has a unique solution which satisfies 



E 



e( sup \X{t)\ 

^ te[s-r ,T] 



& s < 00, T > s. 
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Proof. Without loss of generality, we only prove for s = and simply denote Eo = E(-|J^o)- 

(a) E sup t<T |-X"(t)| < oo for any T > 0. Let X(t) be a solution to the equation. Let 

r n = inf{* > : \X{t)\ > ||e|U + n}, n > 1. 

By the Ito formula, the Burkholder inequality, (Al), (A2), and the Jensen inequality, 
for any T > we may find a constant C(T) > such that for any n > 1, the process 
0n(£) := E sup s<t \X(s A r n )| satisfies 

Eo0„(t)<C(T) + ||e||oo + C(T) f EoMsHEo^s^ds, t e [0,T]. 

Jo 

Let G(s) = f* T^ydr, s > 0. By the Bihari inequality we have 

E o 0„(t) < G~ 1 (G{C{T) + lieiU) + C(T)t) < oo, t G [0,T]. 

Letting n t oo, we conclude that r n f oo and E sup t<T < oo. 

(b) The uniqueness of the solution. Let X(t) and X(t) be two solutions to the equation 
with the same initial data Xq. By the Ito formula, the Burkholder inequality, (Al) and 
(A2), and the Jensen inequality, for any T > we may find a constant C(T) > such that 
the process </>(t) := sup s<i \X(s) — X(s)\ satisfies 

E o 0(t)<C(T) f E o 0(s)M(E o 0(s))ds, te[0,T\. 
Jo 

Since j^jds = oo, by the Bihari inequality we conclude that E o 0(t) = for t G [0, T\. 

This implies that X(t) = X(t) for all t > since T > is arbitrary. 

(c) Existence of the solution for bounded b,a and 9 := f„ z)\v(dz). If u = 1, 
i.e. the coefficients are Lipschitz continuous in £ G ^ with respect to the uniform norm, 
then the existence and uniqueness of the solutions can be proved by a standard argument 
(cf. [13J ) . To prove the existence of the solution, we approximate the coefficients by using 
Lipschitz ones as follows. Let \i be the distribution of the ^-valued random variable B with 
B(s) := B(r + 1 + s),s G [— r ,0], where B(s) is a d- dimensional Brownian motion with 
B(0) = 0. For any n > 1, let 

K(t,£)= [ 6(t,e + n~S)At(d'7). = / cr^e + n-S)^), 
./■if 7^ 

7»(U,«) = / -y(t,Z + rC\z)n(&z), t>0,£etf,ze E. 
Jv 

Since 6, a and are bounded, applying [21 Corollary 1.3] for a = \ldy.d,fn = 0, Z = b = 
and T = 1 + ro, we conclude that for any n > 1, 

|^n(t,0- & n.(^^)| + |kn(t,0- cr n( t > ? 7)l|HS+ / |7n(*, £, *0 ~7n(*, ?7> z) K^) < ^«C0 ||£ ~ T]\\oo 

J E 
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holds for some positive K n G C([0, oo)). Therefore, the equation 

(3.1) dX^(t)^b n (t,xi n) )dt + a n (t,X} n) )dB(t)+ [ ln (t, x\ n \z)N(dt, dz) 

Je 



for X^ n) = f has a unique solution. Moreover, by the Jensen inequality, we see that (Al) 
and (A2) hold for b n , a n and 7„ uniformly in n > 1. 

Next, by (Al) we may find a positive function K e C([0, oo)) such that 

\b n {t, - &,(*, 01 + K(*, - Ol(t, Oiks + / |7n(t, £, *) - 7t(<, *(<**) < tf(*)e n , {j 

where, according to • ||oo) < oo, sit(s) < c(l + s) for some constant c > 0, and sw(s) — > 
as s — > 0, 



£ n ,r-= J 1 ~l l )r]\\oou(\\(n X -Z 1 )?7|| 00 ) y u(d?7) -»■ as n, Z -> oo. 
Combining this with (Al) we obtain 

IM*>0 "M^ 7 ?)! + lkn(^,0 - <ri(t,rj)\\ H s + / |7n(*,£,*0 -Tifr^^OKd*) 

< + |6n(*,0 -b n (t,rj)\ + ||a n (t,0 - ^(^Iks 

(3.2) „ 

+ / hn(t,£,z) -n/n(t,T], Z)\l>(dz) 



< K(t)e n>l + K(t) U - v\\oou(U -v\U, t>o,£, v etf 

for some positive K e C([0,oo)). Moreover, since (Al) and (A2) hold for b n ,a n and j n 
uniformly in n, by (a) we have 

(3.3) supE sup|X (ri) (t)| < oo, T>0. 

n>l t<T 

Now, as in (a) and (b), by the Ito formula, the Burkholder inequality, (Al) and (A2) 
holding for b n ,a n and 7 n uniformly in n, the Jensen inequality and (j3.2j) . for any T > 
we may find a constant C(T) > such that the process 4> n ,i(t) '■— sup s<t \X^ n \s) — X^(s)\ 
satisfies 

Eo^,(t) < C(T) / E o nii ( S ) M (E o ^( S ))d S + C(T)£(n,O, ie[0,T]. 
Jo 

Since e(n, Z) — >• as n, Z — >■ oo, by the Bihari inequality and Jq 1 ^^yds = oo, we obtain 

lim E sup|X (n) (t) -X {l) (t)\ = 0, T>0. 

n,l— >oo t<T 

Therefore, as n — > oo the process converges locally uniformly to a process X, which 
solves the first equation in (11.11) according to (Al), ( 13. 31) and the facts that sit(s) < c(l + s) 
for some constant c > and su(s) — > as s — > 0. 
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(d) Existence of the solution for unbounded b, a and 9. For any n > 1, let n — 
(n, ■ ■ ■ , n) G M. d . Define 

«n(0 = (fAn) V(-ra), n>U6^- 

Let 

6n(*»0 = &(* An,a n (0)i °"n(*,0 = <r(t An,a„(f)), 7n(*>f>*0 = t(* a n i a n(£), 

Then 6 n ,a n , and 9 n := f £ |7„(-, •, z)\u(dz) are bounded and satisfy (Al) and (A2). Thus, 
according to (a)-(c), the equation ( 13. II) with = £ has a unique solution lW(t),t > 0. 
Since for any I > n > 1 and £ G ^ with ||£||oo < ^ we have 

b n {t,£)=b l {t,£), a n (t,£)=a l {t,t), 7 n (t,£,z)='y l (t,£,z), te[0,n], 

by the uniqueness one has lW(t) = for t < r„, where 

T n := n A inf{t > : HX^H^ > n}. 

Moreover, as in (a) we can prove that r n | oo as n | °°- Therefore, X(t) := X^ n '(t) if t < r n 
gives rise to a solution of the original equation. □ 
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